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SUMMARY 

Liquid fo rces  and moments due t o  long i tud ina l  exc i t a t ion  of a r i g i d  c i r c u l a r  

c y l i n d r i c a l  conta iner  were obtained from nonl inear  l i q u i d  theory.  

anti-symmetric one-half-subharmonic response of t h e  l i q u i d  these  fo rces  and 

moments will in f luence  t h e  la teral  s t a b i l i t y  of a space veh ic l e .  

Through t h e  

A mechanical model descr ib ing  t h i s  nonl inear  l i q u i d  response has  been 

der ived  and compared with l i q u i d  theory. 

moment of i n e r t i a  which i s  r i g i d l y  connected t o  t h e  container ,  and of inde- 

pendent ly  o s c i l l a t i n g  masspoints capable of r o l l i n g  on a guiding sur face  of 

pa rabo lo ida l  form. 

order  spr ing  capable of moving up and down t h e  long i tud ina l  a x i s  of t h e  con- 

t a i n e r .  

“he model c o n s i s t s  of  a mass with a 

Each of t hese  masspoints i s  coupled with a nonl inear  t h i r d  
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1. INTRODUCTION 

During t h e  powered f l i g h t  of a space veh ic l e  l ong i tud ina l  exc i t a t ion  can 

occur by dynamic coupling of s t r u c t u r e  and engine t h r u s t  through rough com- 

bus t ion  o r  through t h r u s t  build-up o r  decay. It has been found t h a t  l i q u i d  i n  

a conta iner  that is exci ted  harmonically with a forc ing  frequency Q w i l l  respond 

predominantly wi th  a one-half subharmonic o s c i l l a t i o n  [1,2], i . e . ,  h a l f  t he  

frequency of t h e  exci tacion.  

Since during long i tud ina l  exc i t a t ion  a one-half subharmonic response of  t he  

i iq i J id  i n  antisymmetric mode a r i s e s ,  and s ince  t h i s  motion inf luences  t h e  l a t e r a l  

s t a b i l i t y  behavior of t h e  space vehicle ,  an equivalent  mechanical model should 

be  der ived  t h a t  p r e c i s e l y  descr ibes  t h i s  p rope l l an t  motion. 

For a c i r c u l a r  c y l i n d r i c a l  r i g i d  container  undergoing a long i tud ina l  exci-  

t a t i o n ,  Dodge, Kana and Abramson [31 t r e a t e d  t h e  nonl inear  l i q u i d  problem, 

Getermined t h e  f r e e  l i q u i d  surface e leva t ions ,  and compared them with experi-  

niental r e s u l t s .  The p resen t  work continues these  inves t iga t ions  and determines 

i n  a d d i t i o n  t h e  g re s su re  d i s t r i b u t i o n s ,  l i q u i d  forces ,  and moments. To descr ibe  

t h e  most important mode i n  appl ica t ion ,  namely t h e  one-half subharmonic motion, 

t h e  same equiva len t  nonl inear  mechanical model s h a l l  be employed as  has  been 

Cerived f o r  t h e  t r a n s l a t i o n a l  case of exc i t a t ion  [‘c]. It c o n s i s t s  of a mass 

having a moment of i n e r t i a ,  being r i g i d l y  a t tached  t o  t h e  container  w a l l ,  and 

a l s o  having independently o s c i l l a t i n g  mass p o i n t s  f o r  each v ib ra t ion  mode 

r o l l i n g  on guiding sur faces  of parabolo ida l  shape. Each of t hese  mass p o i n t s  

i s  coupled wi th  a nonl inear  spr ing capable of moving up and down t h e  longi tudi -  

n a l  a x i s  of t h e  container .  The complete mechanical model i s  der ived and c m -  

pared with t h e o r e t i c a l  and experimental  r e s u l t s .  

model can thus  be approximately obtained. 

The unknown parameter of t h e  

6 



2. NON-LINEAR LIQUID THEORY 

w 

2 . 1  The Basic Equations 

In  t h i s  sec t ion  t h e  non-l inear  l i q u i d  wave equations v a l i d  f o r  t h e  case 

of  a r i g i d , c o n t a i n e r ,  a r e  developed, neglec t ing  c a p i l l a r y  and sur face  tens ion  

effects  on the wave surface. 

i t s  motion i s  i r r o t a t i o n a l ,  an assumption which i s  ju s t i f i ed  i f  t h e  exc i t a t ion  

freauency i s  no t  too  c lose  t o  one of t he  n a t u r a l  frequencies.  

method employed t o  solve the  problem i s  similar t o  t h a t  used by Dodge, Kana 

and Abramson [3]. However, whereas Dodge, Kana and Abramson concentrate  only 

on t h e  l i q u i d  sur face  motion, we s h a l l  dedica te  most of  t h e  e f f o r t  on t h e  com- 

Lxta t ion  of t h e  v e l o c i t y  p o t e n t i a l ,  t he  pressure  d i s t r i b u t i o n ,  t h e  l i q u i d  f o r c e  

aYi2 t h e  l i q u i d  moment. 

We assume that t h e  l i q u i d  i s  i n v i s c i d  and that 

The genera l  

The reference coordinate  system employed (Figure 1) i s  fixed, a t  t h e  mean 

i e ~ t - 1  oi' t h e  l i qu id ,  and thus  has t h e  same motion as the  tank. The base 

.: r,he tank i s  exc i ted  with an a x i a l  motion given by Z = Z, 

;-here w is the frequency nf the predominant l i qu id  moti0r-F. 

c - s s ~ ~ e  var ious  p o s i t i v e  va lues  spec ic ies  whether %hF; -pred;Jainmt l i q u i d  

x c t i c n  i s  sukharmonic, harmonic, o r  superharmonic. 

cos Mwt: 
0 

Allowing N t o  

Since t h e  motion i s  i r r o t a t i o n a l ,  t he re  e x i s t s  a v c l c c i t y  p o t e n t i a l  (D, such 

ria: 

+ - 
v = - grad 

- r  i n  compocents ( G ,  -;, and 6 i n  t he  r, 8, and 

ccord ina te  system re spec t ive ly ) ,  

d i r e c t i o n s  of t h e  moving 
*I 
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Since t h e  f l u i d  i s  incompressible, t h e  p o t e n t i a l  (D must s a t i s f y  Laplace s 

e qua t i  on 

2- v a = o  

i . e .  
2- 2- 2- h ? + L 2 i + L a + + a o  
s2 P r2 ae2 az2 

( 3 )  

Equation ( 3 )  must now be solved using t h e  boundary condi t ions  a t  t h e  Free 

sur face  and a t  t h e  w a l l s  and bottom of t h e  tank. 

t h e  f l u i d  v e l o c i t y  normal t o  t h e  tank walls and bottom must be zero. 

The l a t t e r  r equ i r e s  t h a t  

Consequently, 

and 

L The so lu t ion  of equation ( 3 )  which a l s o  s a t i s f i e s  t h e  boundary condi t ions  

( 4 )  and ( 5 )  i s  given by 

4 

m=O n = l  

8 



where Jm(-& G) i s  t h e  Bessel func t ion  o f  mth order and t h e  f i r s t  kind, and 
- 

i s  the n t h  r o o t  of t h e  equation 

- 
and a l l  the Grn are func t ions  of time t h a t  have t o  be determined from t h e  ab0 

f r e e  su r face  boundary conditions.  

The f r e e  sur face  boundary conditions a r e  t h e  dynamic and kinematic condi- 

t i o n s .  The f i rs t  expresses t h a t  t h e  pressure a t  t h e  f r e e  surface must be 

cons tan t  and equal t o  t h e  u l l a g e  pressur? and y i e l d s  w i t h  B e r n o u l l i ' s  equation, 

t h e  expression 

where 5 i s  t h e  displacement of  t h e  f r e e  sur face  above i t s  undis turbed pos i t i on ,  

s = 0. (See Figure 1 f o r  d e t a i l s ) .  

Suppose S (r, 8, i, 5) i s  t h e  geometrical equation of t h e  f r e e  surface.  

Then S I z - t(r, 8, 5) = 0, and t h e  kinematic boundary condition a t  t h e  f r e e  

sur face  may be w r i t t e n  as (See R e f .  5 ) ,  

DS - = 0, o r  i n  expanded form Dt 

I n  order  t o  solve t h e  problem one assumes t h a t  5 may be wr i t t en  as 

m-0 n = l  

where t h e  a are func t ions  of time t o  be  determined. mn 



A t  t h i s  p o i n t  we int roduce a set  of  dimensionless v a r i a b l e s  (Ref. 3 ) .  

I f  t h e  s losh ing  under considerat ion i s  t h a t  which grows from t h e  k, 

( l i n e a r )  mode, then i t  i s  reasonable t o  assume t h a t  - 

dominant amplitudes i n  t h e  series expansions of (p and 1, and i t  i s  appropr ia te  

t o  nondimensionalize the  v a r i a b l e s  by using t h e  n a t u r a l  frequency and a charac- 

t e r i s t i c  length  parameter of  t h e  corresponding f r e e  motion. 

Lth f r e e  

and a a r e  the  pre-  %a kR 

Thus, l e t  

0 = -  where wkR = [AkR g tanh hkahF 1 
kR : w  

and 

b = (xkR tanh XkRh)h 

S u b s t i t u t i n g  these  dimensionless va r i ab le s  i n t o  t h e  boundary condi t ions,  

and erpanding cosh &( 5 + b )  i n  equation ( 6 )  i n t o  a power s e r i e s  

f o r  t h e  dynamic boundary condi t ion (Equation ( 8 ) ) .  

i n  5 g i v e s  

10 



m m 

1 & + 1 fi F’ - (1 - N 2 2  o e cos N u t ) a m n J  Jm( Amr)cos m e  
00 m n m n  

m=O n = l  

m=O n i l  p=O q = l  

( A  r ) c o s  m e  cos peFr FS 
* ?mnapqLn\qJm + 1 ‘ ~ r n ~ ) ~ p  + 1 pq mn P9 

+ Q a E2 Jm(&r)J ( A  r) cos ( m  - p)6Fr FS 
mn P9 r2 P P9 P9 

+ cy a A A J (Arnr)J ( h  r )  cos m e  cos  peGr G S  
P9 P9 m P P9 P9 

( A  r )J  ( A  r )cos  m e  cos  peFr FS ’ = 0 
PA,, - a  CY - 

mnpg r J m + l m n  p pq P9J 

where t h e  d o t s  i n d i c a t e  d i f f e r e n t i a t i o n  wi th  respec t  t o  time and 

and 

a J ( A  r )  cos m e  c = L  L m n m m n  
m=O n-1 

Tne  kinematic boundary condi t ion,  Eq. ( 9 ) ,  can be wr i t t en  as  

11 



r ( A  r )  cos  m e  cos pOFm 
Pq 

- C Y  a % 
m pq r J m ( A m r )  Jp + 1 

We can now solve equat ions (12) and ( 1 5 )  t o  g ive  approximate va lues  of  t h e  CY 

f o r  s p e c i a l  cases .  

mn 

2.2 Antisymmetrical One-half Subharmonic Sloshing 

Experimental evidence ind ica t e s  t h a t  t h e  a- subharmonic l i q u i d  motion i 3 

Fredominant. "he mechanical model t h a t  shall be der ived should the re fo re  

descr ibe  t h i s  motion. 

l i q u i d  motion whose per iod  i s  t v i c e  t h a t  of  t h e  forc ing  func t ion  (N. = 2 i n  

eaua t ions  (12)  and (15)), corresponding to t he  f i rs t  ( lowest  frequency) a n t i -  

Fcr t h i s  reason we i n v e s t i g a t e  the  l a r g e  amplitude 

symmetrical s lcsh ing  mode. For t h i s  case cy and a are t h e  predominant 11 11 

mp;itudes i n  the  series expansions f o r  5 and @, so t h a t  k = R = 1 i n  equat ions 

(ll). 

of terms i n  equat ions (12) and (15) .  

Obvioasly, f o r  p r a c t i c a l  reasons, w e  can only determine a f i n i t e  number 

Following t h e  s t e p s  of R e f .  3 and r e s t r i c t -  . 
i n g  t h e  so lu t ion  t o  terns of order  t h ree  and less,  w e  need t o  consider  only t h e  

- 
fc l lcwing  cy! s and a '  s: cy (1) (1) (2) 

a 

(2) ' &11 (1) ' a O 1  (2), and 
00 ' 5 1  ' CYol ' CY21 

(2), where t h e  supe r sc r ip t  denotes the order  of magnitude of  t h e  cy's and a ' s  21 

r e l a t i -ve  t o  cy 11 &11' 



Expanding equation (12)  w i t h  t h i s  r e s t r i c t i o n  i n  a Fourier s e r i e s  of COS me, 

one ob ta ins :  

tanh Allb 



. 

. 

1 [& 2 11 a 21 J 1 (A 11 r)J2(  A21r)tanh A ll b + -b! 2 21 a 11 A 21  J 1 (h11r)J2(h21r) tanh A- dI-a i 

Since eauat ion (16) must be v a l i d  f o r  all values  of 9, each term of  t h e  

s e r i e s  must be independently equal  t o  zero; thus one ob ta ins  t h r e e  equat ions.  

2 n e  part of equation (16) which i s  independent of 6 i s  

14 



c 

- )  00 01 0 0. o'c'3 'c1 
2 h. + C;. J (A i )  - ( L  - e c o s 2 a t ) a  ( ' *  

A .  1 2  2 
2 11 1 11 1 L  1 2 11 1 1, + -a J ( A  r )  - a? - -  J ( A  r ) J  ( A  l r ) j  = ;I  

, -here use has  been made 01' :,he f a c t  t h a t  A tenh Allb = 1. 
11 

We now e-xpand e LB:iurL (17) i n  a Bessel s e - i e s  of Jo( Aonr), from whir.' 

21 

f o r  t h e  par-  .I' equat. -1, ('-2) which i s  independ?:,? 

- ,' bul - (I - " c  E c c .  :,;,)a - 0.121.482b. a 
01 11 i 

~r t h e  par of ;.quat: sL1 ' 1 2 )  which i s  independer, i 

(2(! ' 

. f s, b u t  iepEi.dt n t  tr . 



If we now cxpand t h e  palet of equation (16) which v a r i e s  rAth cos 8 i n  2 Bessel 

series of  J ( A  

4 r ) ,  w e  ob ta in  respec t ive ly ,  JZ( $n 

r )  and t h a t  which va r i e s  wi th  cos 20 i n  a Bessel s e r i e s  o f  1 L n  

- 0. 278821hll~11all 2 .2 - 0.165118b a + 0. 198686b11a21 11 01 

- 0.165118Xol tanh h bbl a 01 01 11 

+ 0 . 1 9 8 6 8 6 ~ ~ ~  tanh $lbiY21a11 

and 

- ~ ~ ~ ~ ( 0 . 1 7 5 4 0 3  2 - 0.065931hll)]J,( 2 h21r) cos 2 e  = o 

Simi la r ly ,  from equation (15) ol:e ob ta ins  t h e  following th ree  nonl 'bear  ord inary  

d i f f e r e n t i a l  equat ions:  
. 

16 



. 

( 2 4  

and 

Equations (20)  t o  (25)  have t o  be solved f o r  t he  cy's and a's. Linear iz ing  

equat ions  (21)  and (24)  and combining them, one ob ta ins  

.. 2 all  + (1 - 40 c cos 20t)a = o 11 

which i s  recognized as t h e  Mathieu equation, a well-known r e s u l t  of l i n e a r  

theory.  

Equations (20)  through (25)  are now combined t o  g ive  t h r e e  second-order 

ord inary  d i f f e r e n t i a l  equat ions i n  the time-varying amplitudes a a and 

a 

11' 01 

The r e s u l t s  are ( r e t a i n i n g  3rd order terms only) ,  21- 

.. a + (1 - 40 2 E cos 2d;)all[l + Kllall 2 + KolaOl + K21a21) 11 

+ 0 . 0 3 4 7 8 0 ~ ~  'si a2 + k 5. 2 a + o.165118'Qolall 11 11 11 11 11 11 

- 0.19868&,~ all + k 6. Q - k 6. A = 0 01 01 11 21 21 11 

17 



. 

.. (O.121482Ao1 tanh A b - .. 2 
aol + Aol tanh Aolb (1 - 40 c cos  2ot)aOl - allall 01 

2 2 2 - o-263074A11) + &ll[Agl tanh AOlb(O.070796 All - 0.060741) + 

+ 0.263074 hfl] 0 

and 

2 - 0.482670 All] = O 

where 

0. 010759A1, + 0. O95O0A2, 
tanh A9,b 

+ 
LI 

0 149793 A? 

KO1 = 0.343624 AOlhll 

K21 = 0.620686 all - 0.044582 hll~21 2 

IL 

+ tanh$lb kll - tanhAOlb $1 tanhA21b 

0,171812 A, _1 

18 



0.310343 All 0.02229h11 
k21 = + - tanh h,,b 

. 
(28-a) 

Equations ( 2 7 ) ,  (28), and (29) a r e  solved assuming a so lu t ion  of t he  form 

o r  of t h e  form 

a - B(l )  cos  at + B ( 3 )  s in  3&, 
11 - 23 

(2 )  (2) cos 2a t  , and a O 1  = + B02 

where t h e  superscr ip t  i n  parentheses ind ica tes  t h e  order of the constants .  

However, t h e  so lu t ion  of t h e  form of equations (30) i s  uns tab le  ( see  R e f .  3)  

and can the re fo re  not  be observed experimentally. 

The so lu t ion  of equations (26) through (28) y i e l d s  t h e  following values  

for  t h e  A ' s  of equation (30) : 

2 '1.7791840~ - 0.925666 - = a A2 = - 0.0661610 [ 2 

*00 00 1.9220580~ - 1 + 82~  
2 

2F 
2 2' 1 + 3.7026650 e Ao2 = a0&12 = 0.0661610 

Li.922058~2 - 1 + 80% 



. 
; A 2  2 2,? 1 + 1.008304$~ 

2J i2.411370$ - 1 + 80% 
A22 = a22A2 - 0.1206660 

2 
A3 - - 2 a e  A k a  A3 
l3 - 90 2 - 1 13 

+ 0.7417530~ - 0.0398800 2 

2 - - A +  A3 [0.123625 2 90 - 1 90 -1  

+ 0.6671660 aO2 + 1.0934660 2 ea20 - 0.273366a22 - 0.5467330 2 ea22 2 

2 - 0.7628160 a22 ] , 

A 2 = [ o 2 - 1 - 2 o e -  464E2 I/[- 0.370877 - 0.9890040 2 E - 0.005100~~~ 
90 - 1 

Thus, the non-dimensional displacement of the free surface i s  given by the  

expression: 

20 



. 

The cy' s of equations (19) through (26) are assumed 

z M Sin 2 d  , cyO 

cy - cos o-t + J2) c o s  30-t , 
11 - 13 

S u b s t i t u t i n g  equations (33) 

and 

i n t o  equations (19) 

of equations (32) yield,  (for t he  case h 2 2 a ) :  

coo = c*() = 0 , 

z 0 . 0 6 0 7 4 1 ~ ~ ~  
2 c =  

0.070796 7cll - 0.060741 

t o  be of t h e  form: 

through 

2 +J< 0.060741a~ 2 aoo + 20 "Ao2) 
2 , 

0.070796 hll - 0.060741 0.070796 hll 2 - 0.060741 > -  

(33) 

and making use  

C 2 (0.070796~,, 2 - 0.060741) + 0.06074-0~C - 2 d O 2  + AO2 - 40 2 do0 

2 [o. 182223OA - C( 0 . 0 7 0 7 9 6 ~ ~ ~  2 - 0.060741)] 
c -  13 - ? 
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and 

0 

Thus, t h e  non-dimensional v e l o c i t y  p o t e n t i a l  may be wr i t t en  as 

and the  dimensional v e l o c i t y  p o t e n t i a l ,  6, as obtained from equation (33) and 

(34) w i t h  t he  use  of equat ions (11) yie lds  the  expression 

3 6 = & ( illtanh i l lh)-F (M s i n  2at  

cosh x,, ( t -h)  
+ ( C  cos urf. + C cos 3wE) J1 (ill:) cos 8 cash hllh 13 

cosh iol ( & h )  

cosh b l h  + (co2 s i n  2uS) J~ (Iol:) 

The pressure  i n  the  l i q u i d  a t  any pos i t ion  and a t  any time can be obtained 

from the  unsteady Bernoul l i  equation, (8), and equation (35).  It i s  

22 



c This y i e l d s  t h e  following expression for t h e  p re s su re  d i s t r i b u t i o n  

c 

where 

G = & (ill tanh  Xllh) 2 

cosh ill (z+h) 1 2  
'1 = 5 ' O s  e cosh Xllh 

cosh iol (z+h) 

cosh Xolh 1 - '02 J 1 (x 0,') 

cosh hll (z+h) cosh Gl (z+h) 2 1 
+ G 2 J ~ (  h11?)J2( X,,?) s i n  e s i n  2 8  cash Xllh cosh %lh r 
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and 

,cosh x (%h) -2 

j cos2$ cosh hllh J 
Jl(xl13 2 1 2 2- S 2 = ~ G C  J A r - t O L - )  

,-cash i (z+h) 2 + G ~ C ~  1 J'(X :)sin 2 e I 11 
-2 1 11 L cosh hllh r 

By i n t e g r a t i o n  of t he  appropriate  pressure components, t he  l i q u i d  fo rces  

and moments can be obtained. 

It i s  f o r  t h e  components of t h e  l i qu id  force :  

and 

2rr 

F = J  o s -h - s i n  0RdQds i 0 
r=a 

2rr a 

Z = s  s 
0 0  

(39) 
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where : 

Po - P C d Z  - 5 )  -t S21;=a3 

cosh Ill ( Z s h )  
- i s i n  G ~ G & J ~ ( ~ ~ ~ ~ ) c o s  e cash Allh 

- i s i n  3G-(3GuC13J1(hlla) cos e cosh Xllh 

+ s11- ) 
r z a  

cosh ill ( i+h)  

+ s11- j 
r=a 

cosh xol ( % h )  
+ p COS 2Gi2Gw M2 + 2Gw C J ( h  a)  

02 0 01  cosh XOlh 

cosh Gl (ii+h) 

cosh h21h 
+ 2Gu, Ce2J2(G1a) cos 28 - S21- + 4m2X0(, - <)J (41)  

r=a 

PI-  = Po - iCd-h-S)  +s21 - 3 
2Z-h 2Z-h 

- sin m t  Gm CJ1(hllr) cos 8 1 + S l L  J 
Z= -h t cosh hllh 

- s i n  3GJ13Gw C13J1(X11')cos e 1 +SJ- j- 
cosh hllh 

2Z-h 



and 

I n t e g r a t i o n  of these  expressions then y i e l d s :  

- .Fk = i- & q ) O .  171644) Cf sin a 
1 mg 

W 

- -  f.Z - 1 +  - /'a - - 1 _J (0.016191)~~ 
mg a( t anh  A, , h ) 3  ( t m h  A, , h )  

The l i q u i d  moment i s  determined from: 

M x = - S  YdFz + J zdF = 0 
?&tom s i d e s  

zdF, 
s i d e s  

S xdFz + s M -  
3 r -  bottom 

(46) 

MZ = O (49) 

where t h e  v a r i a b l e s  i n s i d e  t h e  double i n t e g r a l  a r e  defined by eqs. 

and (40). 
( 3 8 ) ,  (39) 

The i n t e g r a t i o n  y i e lds ,  for t h e  l i q u i d  moments, 

Mx\= 0 
\ 
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M .  = 0 
z 

It can be noticed that the horizontal component of the liquid force remains 

stationary, i.e. it does not rotate, indicating that the coupling effect 

(present in the case of transverse excitation) does not appear in the case of 

longitudinal excitation. 

The liquid moment has only one non-zero component, M, . 
3' 



3. NONLINEAR MECHANICAL SLOSH MODEL 

FOR LONGITUDINAL EXCITATION 

The a n a l y t i c a l  mechanical model s h a l l  descr ibe  t h e  ant,symmetric iqu id  
' 

motion. 

of he ight ,  hs, corresponding t o  t h e  modal s loshing m a s s ,  m 

f i r s t  modal s loshing mass, ms, t o  the  t o t a l  l i q u i d  mass, m, i s  considered (as 

i n  lateral s losh ing)  equal t o  t h e  r a t i o  of t h e  he igh t  of t h e  s loshing p a r t  of 

t h e  l i q u i d ,  hs, t o  t h e  t o t a l  he ight  of t h e ' l i q u i d ,  h, i . e . ,  

The s loshing p a r t  of t h e  l i q u i d  may be represented by a l i q u i d  volume 

The r a t i o  of t h e  
S' 

The same nonl inear  mechanical model as i n  t h e  case of lateral  l i q u i d  s loshing 

s h a l l  be employed. Therefore, t he  same r e l a t i o n  of displacement of t h e  cen te r  

of  g r a v i t y  of t h e  s loshing p a r t  of the l i q u i d  i s  v a l i d ,  i . e .  

cs 2 
S 2a xs z =  - 

where 

cs - - es tanh <es 3 
It m e a n s  t h a t  t h e  s loshing m a s s  ms i s  cons t ra ined  t o  move on a r o t a t i o n a l  

paraboloid,  which i s  subjected t o  long i tud ina l  e x c i t a t i o n  

(54) 

(55) 

z ( t )  = zo cos 0-t 

28 



c 

The mass p o i n t  i s  f'urthermore coupled wi th  a nonl inear  spr ing  capable of moving 

up and down t h e  long i tud ina l  a x i s  of t h e  conta iner .  

3 .1  Equations of Motion 

The equations of motion of t h e  above described mechanical model, which 

should desc r ibe  t h e  antisymmetric l i q u i d  motion a l s o  f o r  l o n g i t u d i n a l  exc i t z -  

t i o n ,  a r e  derived with t h e  he lp  of the Lagrange equation. This model, subjecteii 

t o  e x c i t a t i o n  i n  t h e  z -d i r ec t ion  and exh ib i t i ng  a v iscous  damping, y i e l d s  t.he 

expression f o r  t h e  k i n e t i c  energy i n  t h e  form 

s 2  2 m 

2 T = - [ks + (is - R z0 sin f i t )  ] 

which, by t h e  in t roduc t ion  of t h e  equation of cons t r a in t ,  

c s  2 f E Z  - -  
S s 2a xs I O 

y i e l d s  t h e  k i n e t i c  energy of t h e  sloshing mass ms 

.C 

2 s  a s s  0 
T z - m  1 [k: x k - QZ s i n  RtJJ (59) 

It may be mentioned he re  t h a t  the motion of t h e  sloshing mass p o i n t  i s  

r e s t r i c t e d  t o  t h e  parabola  i n  t h e  xz-plane. 

The p o t e n t i a l  energy i s  given by 

X 
S 2n-1 dx 

V = msg(zs + Zo cos Qt) -t / ksxs S 
0 

which y i e l d s  wi th  t h e  equation of  cons t r a in t ,  ( 5 8 ) ,  t h e  expression 



c s  2 ks 2n x + msg Zo cos n t  + - x 
msg 2a s 2n s 

v =  (61) 

The f i r s t  term i s  t h e  g r a v i t a t i o n a l  p o t e n t i a l ,  t h e  second term i s  due t o  

change of t h e  conta iner  l oca t ion  during t h e  exc i t a t ion ,  while t h e  l as t  term 

r e p r e s e n t s  t h e  energy s tored  i n  t he  nonl inear  spr ing  of order (2n-1).  

The damping i s  assumed t o  be viscous, such t h a t  t h e  mass p o i n t  i s  sub- 

j e c t e d  t o  a damping fo rce  propor t iona l  t o  i t s  v e l o c i t y  r e l a t i v e  t o  the  psra- 

bolo id .  The d i s s i p a t i o n  func t ion  therefore  i s  given by t h e  expression 
- 
C 
5 . 2  2 D = - ( z s  + kS) 2 

and, wi th  

and t h e  equation of cons t r a in t ,  (58), it becomes 

The in t roduc t ion  of t hese  expressions i n t o  t h e  Lagrange equation 

(62) 

y i e l d s  t h e  equation of motion 

-2 -2 
ks 2n-2 2 c; 

j ;  + 2w y k (1 + 2 c S  x 3 +  -$ (xsxs .2 + xsxs) 2. + wc (1 + 2 xs )s 
S s s s  

a a m w  s s  

c s  2 - R zo cos n t  x s a  
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In t roducing  t h e  dimensionless q u a n t i t i e s  

I 
* 1  

X 
S 

5s = z- 

and 

k s&2n - 2 

2 c y =  
S 

mSwS 

t h e  above equation of mction y i e l d s  

n 

This equation governs t h e  motion of t h e  sloshing mass due t o  long i tud ina l  

e x c i t a t i o n ,  Z cos sit, of t h e  system. It can be seen t h a t  t h e  nonl inear  

o rd ina ry  t i m e  d i f f e r e n t i a l  equation r ep resen t s  a Hi l l - t ype  d i f f e r e n t i a l  ec;uatisri 

i n  which t h e  c o e f f i c i e n t  i s  a f'unction of time. L inea r i za t ion  of  t h i s  q u a -  

t i o n  y i e l d s  t h e  expression 

0 

n 

which r ep resen t s  a Math ieu-d i f fe ren t ia l  equation, as i s  a l so  obtained f r o m  

t h e  l i n e a r  theory.  

3.2 Solu t ion  of t h e  Equations of Motion 

O f  t h e  va r ious  methods used i n  obtaining an  approximate so lu t ion  t o  non- 

l i n e a r  d i f f e r e n t i a l  equations, t h e  averaging procedure of R i t z  seems t o  -be t h e  

most appropr i a t e  one f o r  t h i s  problem. 
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3.2 .1  Undamped Response 

If t h e  motion i s  undamped, ys = 0, t h e  d i f f e r e n t i a l  equation (69) i s  

n 

An approximate so lu t ion  f o r  t h e  steady state motion i s  given by 

- s i n  Q t 
IS 2 

and, (wi th  = T),  t h e  R i t z  condition, 

y i e l d s  

4TT n2 2 2 

s 1- A s i n  2 + C2 (% A3 s i n  2 cos2 - A3 s i n 3  3 
S 2 S S 2 2 4 s  

0 

2n-2 s i n  + ws 2 A s i n  - T /  (1 + aSAs 
S 2 

zo 2 7 7 
s a  S 2 j 2  - C - Q A s i n  - cos T s i n  - d T  = 0 

A f t e r  eva lua t ing  t h e  i n t e g r a l s  with 

and r = - Q2 t h e  expression f o r  2 '  

2 
(n! 1 

the  frequency response func t ion  i s  

(74) 



The above so lu t ion  g ives  the  s t ab le  por t ion  of t he  sub-harmonic response 

curve, while ts = A 

cubic  spring, i . e .  n - 2, t he  frequency response f'unction may be sclved f o r  

As,  and y ie lds ,  

cos T gives the  uns tab le  por t ion  ( see  Ref. 3) .  For a 
S 

S 3 1 c2 
4 2 - 8  s r 

A discussion of t he  se l ec t ion  of a cubic spr ing i s  given i n  the  next  chap t r l .  

The non-dimensional spring constant ,  c y ,  must be de temined .  
S 

For purposes of comparison with experimental data, t he  ca l cu la t ions  ve r t  

performed f o r  t h e  t e s t  tank used by Dodge, Kana and Abramson [31 and f'or 

e x c i t a t i m  amplitudes, 2 

r a d i u s  of 2.86 in .  and the  f l u i d  depth i s  5.72 i n .  

(77) t h e  f l u i d  amplitude a t  the  wall of t h e  container  w a s  determined and g~apl lcd 

ve r sus  r . 
r e t i c a l  r e s u l t s  revea l  t h a t  cy 

= 0.0516 i n .  and Zo = 0.0258 in. Tlif tank has a 
0 

With the  use  of equaticm 

2 Comparison with Dodge, Kana  and Abramson's t e s t  r e s u l t s  and theo- 

should have t h e  magnitude of two. 
S 

The response func t ions  f o r  t h i s  case a r e  shown i n  Figures  3 and 10 using 

o the r  va lues  of cy . 
S 

A b e t t e r  approximation can be achieved by consider ing a so lu t ion  o f  t he  

form 
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- = A s i n  - R t + Bs s i n  S a t  (78) 5s s 2 

w With t h i s  assumption t h e  R i t z  conditions f o r  t h e  determination of t h e  unknowns 

A and B are 
S S 

T 
4l-r 
[ D[is,  .r]sin 2 d T  = 0 

0 
(79) 

and 

4rr 
J D[& T l s i n  T C ~ T  = o 

0 

v h i c h  yield two simultaneous nonl inear  a lgeb ra i c  equations i n  A 

n = 2, i . e .  a cubic nonl inear  spring, the r e s u l t i n g  equations a r e  

and Bs. For 
S 

Z s 3 2  3 2  1 0  5 2  4- r 1 A 2 - 8 B Y ) + 2 ~ ~ A s + ~ B s j + ~ , C s = 0  

4r 

cy 2 

r 2 +csu s 

and 

2 
These nonl inear  equations f o r  A and B as f'unctions of r were solved by 

S S 

t h e  Newton-Raphson method. The r e su l t i ng  so lu t ions  ind ica t ed  t h a t  t h e  maximum 

magnitude of Bs i s  l e s s  than 1% of t h e  value of As over t h e  frequency range of 

i n t e r e s t  .9 5 r2 s 1.2. From t h i s  w e  can conclude t h a t  t h e  pure  one-half sub- 

harmonic so lu t ion  r ep resen t s  a very  good approximation and d e f i n i t e l y  provides  

an acceptab le  degree of accuracy. 
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3.2.2 Damped Response 

The damped response i s  r ead i ly  obtained by t h e  so lu t ion  of t h e  non- 
w 

l i n e a r  d i f f e r e n t i a l  equation ( 6 9 )  which contains  the  damping term 

and a t h i r d  order  spr ing (n  = 2 ) .  

R i t z  averaging method by assuming a solut ion of t h e  form 

This equation again i s  t r e a t e d  with t h e  

:inere J! i s  the  phase of t n e  motion r e l a t i v e  t o  t h e  exc i t a t ion  funct ion.  The 

R i t z  condi t ions  

S 

4n  

l DIIs, 7) s in  -r d7 = 0 2 
0 

;,-inld the  equations 

2 2  1 2 2 2  - r2 - ysr tan Q, - 6 ys r As C s  tanh 6,  + ig Cs As r 

2 1  2 Z 3 2 r 2 + 1 + T ~ s ~ s + F ~ s r  3 [ $ ) J = O  
- iG c s  As 

(85) 

and 
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c2 r2 + y s r  cos JI, + r; y, As cs c o t  JI, + 16 

($) = 0 

1 2  1 2 2  - i y  r 

z 3 2 1  2 C2A2r2 + 1 + 6 asA, - 
C s r  -16 s s  

The damped frequency response i s  therefore  determined from these  equations,  

which y i e l d  for  the phase angle, 

and, f o r  t h e  damped frequency response, t h e  equation 

S 
- 3usCsr + y C r 2 2  2 4 2 ) A 4  s s  $ j g c y s +  2 6 1 4 4  cS r 

3 ' c2r2 - 3 (ysr2+ c 2 r 4 + - 1 2c2r2 2 
+ G a s - c  s 3 5 s  2 ys s JAs 

z 2  - 1 4  2 2  1 2  + t l+ r - 1. r2+ y r - 4 cS \+, r4 j  = 0 
2 s 

From t h i s  one obta ins  t h e  expression: 

x 27 4 - C A  1 4 4  + C A  2 2  -4C:(--Jh 
s s  

+ (ysCsAs 2 4 4  - 3usCsAs 2 4  + 8ysCsAs 2 2 2  - 6asAs 2 - 4C 2 2  A + 16ys 2 - 8)  r 2 
s s  

2 4  2 
( 9 1 )  + (9cy A + 24aSAs + 16)  = 0 

s s  

For zero damping (y, z 0),  t h e  undamped response (Eq.  76) i s  obtained. 



k .  COMPARISON OF MECHANICAL MODEL 
AND LIQlrID THEORY EQUATIONS 

* 
The l i q u i d  theory  developed i n  Chapter 2 i n d i c a t e s  t h a t  t h e  wave amplitude 

may be assumed t o  be of t h e  form (eq. 10) 

m=o n = l  

For t h e  1/2-sub-harmonic antisymmetrical  mode, t h e  dominant term i s  given 

by m = n z 1. Thus, r e t a in ing  only the f i r s t  t e r m  of t h e  expansion, 

h 
2a i,;here, f o r  - 2 1, gl1 i s  given by equation (27) .  

Taking only those terms of equation (27)  which d-epend e n t i r e l y  on all and 

making t h e  appropr ia te  subs t i t u t ion  from equation (11); one ob ta ins  ( f o r  

-2 -2 .. 
- 41132 h X COS 2wt) Etl, (1 + KllAllall) all + h 1  11 0 

-3 -1 - 2 - 3 , 2 -  
+ 0.03478 Allallall + kll 51 11 = O (93) 

-*-here K and k are cons tan ts  given by equat ions (29-a) .  11 11 
Equation (93) may be non-dimensionalized i n  a manner similar t o  t h a t  used 

With i n  t h e  development of t h e  equat ions of motion f o r  t h e  mechanical model. 

. 

t h e  r e s u l t  of s u b s t i t u t i n g  equation (94) i n t o  (93) i s  
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. where 

A -  
a s  def ined  i n  equation (56). Also,use has been made of t h e  f a c t  t h a t  en=a 

The equation of motion f o r  t h e  undamped sloshing mass of t h e  corresponding 

mechanical model i s  given by equation (69) as 

. 4nn 

where 

= (Xl1 g tanh All h)* Y = 9 1  

D i r e c t  comparison of equations (95) and (96) i n d i c a t e s  t h a t  n should be 

made equal  t o  two, i . e .  t h e  non-linear spr ing  should be a cubic spring. 

Unfortunately,  due t o  t h e  complexity of t h e  r e s u l t s  from t h e  non-l inear  

l i q u i d  theory, it i s  no t  poss ib l e  t o  determine a n a l y t i c a l l y  a p r o p o r t i o n a l i t y  

f a c t o r  between mass-displacement i n  the mechanical model and l iqu id  amplitude, 

thus,  CY 

a t i o n s  of l i q u i d  amplitudes, fo rces  and moments as determined by experiments 

(where a v a i l a b l e ) ,  l i q u i d  theory, and by t h e  mechanical model. 

cannot be determined except by d i r e c t  comparison of numerical evalu- 1 

3% 



. 

4.1 Derlva t ioc  of the  Mechanical Model of t h e  To ta l  Liquid System 

The a n a l y t i c a l  mechanical analogy i s  designed i n  such a fashion that, i t  

desc r ibes  the  observed non-linear phenomena. 

The l i q u i d  i n  t h e  lower p a r t  of the container  fol lows t h e  motion l i k e  a 

r i g i d  body, and i s  chosen t o  have a mass m 

s i c s h i n s  nasses a r e  denoted by m and t h e  spr ing s t i f f n e s s e s  by kn. 

slczfiing m s s  m i s  r i g i d l y  connected a t  a he ight  h 
o 0 

of t h e  xAi ; cen t  l i qu id .  

L,-stem, :he SUT of t'ne modal masses must be equal t o  t h e  t o t a l  l i q u i d  mass. 

It i c- t i ler-fore  

and a moment of  i n e r t i a  I . The 
0 0 

The non- n 

below t h e  center  of g r a v i t y  

TG make the mechanical model equivalent  t o  t h e  f l u i d  

02 - 

m = m +  i 
0 L mn 

n = l  
(97) 

k s s m i n g  t h a t  t h e  s loshing masses are  subjected t o  a damping fo rce  pro- 

, ,~ : - -~50na l  t o  t h e i r  v e l o c i t y  relative t o  t h e  paraboloid,  t h e  d i s s i p a t i o n  func t ion  

c:' t h e  nth sloshing m a s s  i s  

1 -  .2  2 
D n ( i n  A n )  = 2 en ( zn + kn) 

- 
\;here c = & ui y . The equations of motion of  t h e  mechanical model are now 

ri n n r i  

clerivod with t'ne help of  t he  Lagrange equations.  For t h i s  reason one determines 

t h e  ! :he t ic  m? p o t e n t i a l  energy as well as t h e  d i s s i p a t i o n  func t ion  of t h e  

system ( s e e  Figure 2 ) .  

mass, E 

merits c f  t h e  conta iner  and with rp the  r o t a t i o n  of t h e  conta iner  about t h e  z - a x i s ,  

t h e  k i n e t i c  energy i s  given by: 

With F~ and zn as t h e  displacement of  t h e  n t h  s loshing 

with respec t  t o  the  container,  with X ( t )  and Z ( t )  as t h e  d isp lace-  
Ti' 

a' 
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00 

2 
- “#I 1 (??) 

1 2 
+ F  L m {[k + k +  (h + x );Pl + [ ? +  5 n a  n n I; 

n = l  

The f i rs t  three terms represent  t h e  k ine t i c  energy of t h e  non-sloshing mass, 

m which i s  r i g i d l y  connected with the tank. The cther term rep resen t s  Yhc 

k i n e t i c  energy o f  t he  sloshing masses, m . It ma;.‘ be reciarlied here  that ::.T 

p i t c h i n g  motion C p ( t )  w a s  assumed t o  exh ib i t  s m a l l  angles  u), such t h a t  coc  

0) 

n 

1 

and sin rg e Q. 

The d i s s i p a t i o n  funct ion i s  given b y  

n = l  

The p o t e n t i a l  energy is cotiposed of  t he  l i f t i n g  ‘ ~ f  t he  s loshing and r i m -  

s losh ing  masses and the  energy stored i n  t h e  spr ings.  It i s ,  for small valu?s  

of uj, 

n= 1 n= i n= 1 

m g z +mgz + L  n n 
n = l  

The f i r s t  term represents  t he  p o t e n t i a l  energy due t o  t he  l i f t i n g  of t he  non- 

s losh ing  mass, m 

terms descr ibe  the  same e f f e c t  f o r  the s loshing n ~ s s e s .  The l a s t  t e r n  repre-  

during a ro t a t iona l  Q ( t ) ,  while t h e  second, Third and fou r th  
0’ 

s e n t s  t h e  accumulated energy i n  t h e  spr ings.  The coorciinates x, z, u), y n ,  and 



2 are r e l a t e d  by one equation of cons t ra in t ,  which expresses  t h a t  t h e  mass 

p a i n t  rx has  t o  move on a paraboloid,  The equation of cons t r a in t  i s  

11 

n 

where C w a s  found t o  be 
r; 

(102) 

.heye D i s  rhe diEsipat ion Panetion and 9 a r e  thc  fo rces  with respec t  t o  tnt. 

c;:airiates i; Anc::ier method f o r  the de r iva t ion  of t he  equat ions of notio:. 

V 
- .  

V'  

- rxIA LIE Lagrange equation i s  based on t h e  general ized coordinates  q wkzich 
V 

::--: c i n a t e s  are: 

of t he  equation of constraint , ,  made lndependent of each 

energ)- and d i s s ipa t ion  I b c t i o r  i n  these  general ized 

T = - ( j c - h o i p )  0 2 + - - i  2 t -  1 .2 m 

2 2 2 I o V  
(106) 

m 
.- 

n = l  
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and 

n = l  

The p o t e n t i a l  energy i s  given by 

m m 

x2 + mgz n C m 

4 0 3  
+ T; i knXn + i "ng z n 

- 
1 ', 

n = l  n = l  

The equat ions of motion a r e  derived from t h e  iagrange equat ions 

where t h e  general ized coordinates  q a re  x, z ,  w ana x * and Q 
V n' X 

= -Fx, 
4 z -Fz? Q = -14 and Q = 0 are the general ized forces .  The equat ions of  

X n Z cp Y? 
motion are then: 

b n  2 
2a n n n  n Z 

r - 
? 

m'i + mg + L mn L-xn+ + 2 - ( A  + x K ) - k b j  = -F 

n= 1 
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n C 
x Y - - x y j x  -p+ - x 2 - xn$pJ 

r ‘n 2 ‘n - L Y +  - 
a ‘n+ T n n n n  a n n  

n m 

n = l  n= 1 

and 

* m  ( “ X d - g c p m  cn + k x  3 + m n g y x  ‘n = o  
n n n n  n 

If we now l e t  x ( t )  f c p ( t )  0 as i s  t h e  case, w e  ob ta in :  

m - m C  n n  2 
- F  z = m g + m i ’ +  i T  (Pn + xnYn) 

n = l  
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c 
( 116 1 n 2.. n 2  

Y n n n n  2a n n  a n n  

C 43 - 

- M = mn -(-?A -'ix + h y  - -  x x  - -  x j ,  - gxnj  

n = l  

and 

2 
r. 

2 
n 

Ln 2 'n 2 2.. Y + 2wnynAn (1 + X d +  (Xnfn  + x n n  x ) n 
a a 

n n a  n = 1 , 2 , - - .  ( 117) 
k 

m u ,  n n  

The f i r s t  t h r e e  equat ions g ive  the f o r c e s  and moments which t h e  mechanical 

model e x e r t s  on the  container ,  whereas t h e  las t  equation i s  t h e  equation of 

motion of t h e  s loshing mass, m , i n  the  undamped case.  
n 

Considering t h e  fo rces  produced by t h e  f i r s t  s loshing mass, m , ,  substi- - 
t u t i n g  t h e  mechanical values,  and l e t t i n g  

R x = A a s i n - t  n 2 

and 

z = z  c o s R t  
0 

w e  obta in ,  
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n 

and 

These va lues  a r e  p l o t t e d  i n  Figures 3 through 10, and a r e  compared t o  t h e  

r e s u l t s  of t h e  l i q u i d  theory from Section 2. 

*Note : 

/&/of equation (122) i s  given with r e spec t  t o  t h e  o r i g i n  a t  t h e  cen te r  

of  mass of t h e  undis turbed l i qu id .  
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5. IUMERICAL FUSULTS AND CONCLUSIONS 

I n  o rde r  t o  take  ad-Jantq?  of t h e  expe r i r en ta l  r e s u l t . ;  of Dodge, K a n a ,  

and Abranson [3], tile n m , e r ~ x l  evaluat ions were perrorired for a tank which w8:. 

5.72 inches  i n  diarieter and with h/a = 2. 

were used i n  t h e  computat ims:  

Two differen.’  t x c i t a t i o n  artpli tudes 

Zo - 0.0258 inch.--, and 2, - 0.0516 inches.  
0 * 

The non-dimenszofial l i q u j d  amplitude Z as d,<ermined from the  l i qu id  l,hec-.i - 
was evaluated a t  a po in t  = 2.49 inches and 6 = 0 by us ing  t h e  equation 

where 5( r, 8, t )  i s  given by equation (32) .  
* 

For t h e  mechanical model, Z i s  given by 

s ince  t h e  r e l a t i o n s h i p  between the  displacement of  t h e  s loshing mass and the  

i i q u i d  amplitude i s  given by equation (2.7) of R e f .  4 as: 

The r e s u l t s  of equat ions (123) and (124) are shown p l o t t e d  i n  Figs.  3 and 

4. 

w e l l  wi th  t h e  experimental  va lues  for small va lues  of  Z ;  however, whereas t h e  

It i s  evident  t h a t  l i q u i d  theory and t h e  mechanical model agree f a i r l y  
L * 

l i q u i d  theory  p r e d i c t  much smaller amplitudes than those observed i n  experi-  

ments, t h e  mechanical model n o t  only y i e lds  values which are i n  agreement with 

t h e  experimental  r e s u l t s  b u t  a l s o  shows the  i n f l e c t i o n  p o i n t s  as i n  t h e  experi-  

mental  r e s u l t s .  

46 



Comparison of t he  l i q u i d  f o r c e s  and moments must be made on a d i r e c t  b a s i s  

between t h e  l i q u i d  theory and t h e  mechanical model, s ince  t h e r e  are no experi-  

mental v a l u e s  ava i l ab le .  We now see t h a t  a value of cy = 2 i s  b e s t  sui ted.  

Again t h e r e  i s  c lose  agreement between the l i q u i d  theory  and t h e  mechanical 

model i n  t h e  range f o r  which Z w a s  s m a l l .  However, i n  t h e  frequency range 

f o r  which t h e  l i q u i d  theory  predic ted  smaller amplitudes than t h e  experiments 

showed, one f i n d s  t h a t  t h e  mechanical model p r e d i c t s  l a r g e r  va lues  f o r  both 

t h e  l i q u i d  f o r c e s  and t h e  l i q u i d  moment. A s  would be expected, t h e  t r ansve r se  

component of t h e  l i q u i d  force,  shown i n  Figs. 5 and 6 y i e l d s  t h e  same type of 

i n f l e c t i o n  p o i n t s  as those given by t h e  non-dimensionalliquid amplitude Z . 

e * 

* 

Summarizing, one concludes t h a t  t h e  mechanical model should descr ibe  t h e  

non-l inear  sloshing phenomena accura t e ly  enough f o r  most engineering appl ica-  

t i o n s .  

In  f a c t ,  it y i e l d s  b e t t e r  r e s u l t s  fo r  t h e  f r e e  sur face  e l eva t ion  than t h e  

non- l inear  l i q u i d  theory. 
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Figure 1. Cyl indr ica l  Tank and Coordinate System 
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Figure 3. Non-Dimensional Liquid Amplitude ( e  = 0.0165) 
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Figure 4. Non-Dimensional Liquid Amplitude ( e  = 0.0333) 
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Figure 5. Liquid Force, Transverse Component ( = 0.0165) 
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Figure 6. Liquid Force, TranGerse Component ( c = 0.0333) 
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Figure '1. Liquid Force, Axial Component ( B = 0.0333) 
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Figure 8. Liquid Force, Axial Component ( e  = 0.0165) 
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Figure 9. L i q u i d  Moment Versus Frequency Parameter ( e  = 0.0333) 
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Figure 10. Liquid Moment Versus Frequency Parameter ( c = 0.0165) 
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